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Observability Analysis of INS with a GPS Multi-Antenna System
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This paper investigates observability properties of strapdown INS aided by a GPS antenna
array. The motivation to consider a GPS antenna array is that the lever-arms between the GPS
antennas and IMU play an important role in the estimation of vehicle attitude and biases of

IMU. It is shown that time-invariant INS error models are observable with measurements from

at least three GPS antennas. It is also shown that time-varying error models are instantaneously

observable with measurements from three antennas. Numerical simulation results are given to

show the effectiveness of multiple GPS antennas on estimating vehicle attitude and biases of
IMU when IMU has considerable magnitude of biases.
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Nomenclature

Wap . Column vector of angular velocity of
frame b relative to frame a, decomposed
in frame c.

pPe . Position vector decomposed in frame a.

Ve . Velocity vector decomposed in frame a.

R: . Rotation matrix from frame g to frame
b.

Q% . Skew-symmetric cross product matrix of
Was.

@ . Estimated value of { ).

( ) : Estimation error of ( ).

. Time derivative of ( ).

- Transpose of ( ).

. Absolute value of { ).

. Cross product of two vectors.

I . n X n identity matrix.
0 : Zero matrix with an appropriate dimen-
sion.

The navigation frames used in the paper are:
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Earth-centered inertial (ECI) frame.
(ECEF)

i~frame :

e-frame . Earth-centered Earth-fixed
frame.

b-frame . Body frame (Forward, Right, Down).

1. Introduction

Improved navigation can be realized by the
integration of the Global Positioning System (GPS)
and inertial navigation system (INS) (Parkinson
and Spilker, 1996 ; Kaplan, 1996). GPS receivers
provide position and velocity of vehicles with
bounded accuracy. The accuracy is independent
of elapsed time from the start of measurement.
However, GPS receivers can be considered as
discrete-time sensors; in many cases, their sam-
pling period is about one second. Occasionally,
measurement is not available during loss of lock
on satellites due to shading of GPS antennas or
radio-frequency (RF) interference. The INS is a
continuous- time measurement system. It is self
-contained and is not dependent on the external
signals. It offers short-term stability, but has poor
long-term stability due to bias of an inertial
measurement unit(IMU) which consists of gyros
and accelerometers. Using the above complemen-
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tary properties of GPS and INS, various integra-
tion schemes have been suggested to overcome
shortcomings of each sensor system (Parkinson
and Spilker, 1996 ; Kaplan, 1996 ; Farreil and M.
Barth, 1999).

An attractive scheme of the integration is to
estimate biases of IMU in strapdown INS with
GPS measurement during navigation. With this
integration scheme, an accurate and low-cost na-
vigation system that provides long-term stability
and continuous measurement can be constructed
with relatively low-accurate inertial sensors.
There have been several approaches to the esti-
mation of biases of IMU using GPS measurement.
A technique to determine attitude of a vehicle by
GPS antennas without IMU is developed in
Cohen(1992), and is applied to flight test (Cohen
et al., 1994). The GPS attitude measurement sys-
tem in Cohen et al.(1994) is employed in Hay-
ward et al.(1997), Gebre-Egziabher et al. (1998)
to estimate gyro bias. A nonlinear observer for
attitude and IMU bias is suggested in Vik et al.
(1999). The observer is proven to be exponen-
tially convergent for IMU biases that are modeled
as Markov processes. A sensor fusion technique is
introduced in Sadaka(1998) to estimate vehicle
attitude and IMU biases with GPS, IMU, and
air-data sensors.

One way to determine the effectiveness of a
measurement system for estimator design is to
analyze the observability properties of the system.
Several methodologies have been suggested for
the observability analysis of INS. The observa-
bility of INS during alignment and calibration
at rest with velocity measurement is analyzed in
Bar-Itzhack and Berman(1988), Jiang and Lin
(1992) from a control theoretic viewpoint. Piece-
wise constant modeling is proposed in Goshen-
Meskin and Bar-Itzhack (1992a) for the observa-
bility analysis of time-varying systems. The piece-
wise constant modeling is applied to the analysis
of in-flight alignment (IFA) of INS (Goshen-
Meskin and Bar-Itzhack, 1992b). Goshen-Mes-
kin(1992b) shows that time-invariant INS error
models with velocity measurement have unobser-
vable modes which are combinations of estima-
tion errors of attitude and IMU biases. Using the

piece- wise constant modeling she shows that the
number of unobservable modes can be decreased
with maneuvering of the vehicle. In contrast to the
works mentioned above in which observability of
systems is analyzed by the rank test of observa-
bility matrix, Ham and Brown(1983) suggests
error covariance matrix of the Kalman filter as a
performance index for the degree of observability
of systems. A nonlinear analysis based on the
Lyapunov stability theorem is given for an ob-
server design for the integration of GPS and INS
(Vik et al., 1999).

In this paper, observability properties of strap-
down INS aided by GPS are investigated with
null space test of observability matrix. Both
loosely-coupled and tightly-coupled GPS/INS
integrations are considered. The INS error dy-
namics model is described in the ECEF frame.
This model is convenient to handle GPS measure-
ments represented in that frame. The state in the
error model consists of 3-dimensional biases of
gyro and accelerometer, and errors for position,
velocity, and attitude. The biases of IMU are
assumed to be constant. The time-constant model
could be useful for biases that change very slowly
compared with vehicle dynamics. Measurements
for the position and velocity of GPS antennas are
used for the analysis of observability properties.
Multi-antenna GPS measurement systems can
provide attitude information in addition to posi-
tion and velocity. Since attitude can be deter-
mined from the position measurements of the
antennas, attitude measurement is omitted to av-
oid redundancy.

Biases, scale-factor errors, and misalignment
errors are usually considered as the most impor-
tant errors in inertial sensors. Misalignment errors
are made small during manufacturing and con-
stant. The errors can be considered deterministic
and will be neglected in the paper. Biases and
scale factors of very low-grade IMU are depen-
dent upon temperature. Since the effect of tem-
perature on the scale factor is relatively small
compared to biases (Hayward et al., 1997 ; Ge-
bre-Egziabher et al., 1998), the scale factor is also
neglected in the IMU error model. Even though
biases for very low grade IMU can be described
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as first order Markov processes, the time constant
in the Markov process model is usually very long.
Hence, a time-constant model is employed for
biases in IMU.

The primary motivation for considering a
multi-antenna GPS measurement system is that
lever arms of GPS antennas and IMU play an
important role in the estimation of INS error. The
measurement system cannot only make time-
invariant INS error models observable, it can also
make time-varying error models instantaneously
observable. Hence, with the sensor system, an
improvement in the on-line estimation of INS
error could be expected during navigation with-
out applying maneuvering to vehicles.

One of the main contributions of the paper is
that the minimum number of GPS antennas to
observe attitude and IMU biases without maneu-
vering of vehicle is explicitly shown to be three.
The other contribution is the framework for the
analysis of multi-antenna GPS aided INS. The
methodology could be useful for engineers or
researchers who are designing a multi-antenna
GPS/INS system and require a framework for
analysis of the concept.

Navigation error propagation model in the
ECEF frame is given in the following section. In
section 3, GPS measurement error models are
described for both loosely-coupled and tightly-
coupled integrations. In section 4, observability
properties of GPS/INS system are given. In sec-
tion 5, we present numerical simulation results
which support the analysis results given in section
4. Concluding remarks are given in section 6.
Finally, proofs for lemmas in section 4 are given
in appendices.

2. Navigation Error Propagation
Model

The navigation equations in the ECEF frame
are (Wei and Schwarz, 1990)

pPe=ve (1)
Ve=REfP 20X Vet g® (2)
R{=R:QS (3)

where f° is the specific force in the body frame
and g¢ is the gravity in the ECEF frame. The
corresponding INS mechanization differential

equations are

ﬁe: Ve

(4)

De=Refo—208 % P+ 2° (5)
Re=R3 G5, (6)
D%=00%—Rbw% 7

where }?” and @% are measurements from accelero-
meters and gyros, respectively. The mechanization
errors are modeled as

Pe=pe+opP (8)
Ve=Ve+oV (9)
Ri=Rt(L+[rx]) (10)
Fo=f+eatwa (11)
=05+ e+ we (12)

where 7 is the attitude error, [7Xx] is the cross
product matrix of ¥, €q is the accelerometer bias
vector, w. is the accelerometer noise, &g is the
gyro bias vector, and wg is the gyro noise. Bias
vectors €¢ and &, are assumed to be constant.
Then the linearized error propagation equations

are
SP=06V (13)
SV=GSP— Q.0V—RFy+Re;+Rw. (14)
y=—Qr+estwe (15)
&g=0 (16)
&a=0 (17

e
where G=%, F is the cross product matrix

of f%, Q.=2Q% R and Q are the simplified
notations of R{ and Q%, respectively.

3. GPS Measurement Error Model

In this section, error models of measurements
for the position and velocity of each antenna are
given for the analysis of observability properties
of GPS/INS systems with multi~antenna. Even
though multi-antenna GPS measurement systems
can provide additional attitude information, the
attitudes are determined from the position mea-
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surement of the antennas. Hence, attitude mea-
surements are omitted in the measurement error
model to avoid redundancy.

3.1 Loosely-coupled GPS/INS systems

In the loosely-coupled GPS/INS integrations,
GPS receivers process pseudorange and pseu-
dorange rate data to produce position and veloci-
ty. These outputs are used to correct INS errors.
Measurements from the GPS receivers are mo-
deled as

PP=P*+ R+ vy (18)
VE=Ve+RQuli+vw, j=1.2, . m  (19)

where PP and V® are position and velocity
measurements from the jth GPS receiver antenna,
respectively, /; is the position of the jth GPS
receiver antenna relative to that of IMU de-
composed in the body frame, Q, is the simplified
notation of Q 2, vp; and vy; are the position and
velocity measurement noises of the jth GPS re-
ceiver antenna, respectively, and m is the number
of GPS receiver antennas. Estimation equations
for measurements are given as

Pi=Pe+ Rl (20)
sz Ve"i'ﬁgégblj (2D

The estimation errors for measurements are de-
fined as

Pe=Ppe+6Pf (22)
Ve=Ve+oVs (23)
Then, the linearized measurement estimation
errors can be shown as
31),'2:61‘)_1?[.,'7_1)19,‘ (24)
8V;e=8V+R[ (LJ Q—0Q bLj) }’_Lng]
(25)
_RLjWg_ Vyj

where L; is the cross product matrix of /;.

3.1 Tightly-coupled GPS/INS systems

In the tightly-coupled integration, raw data
from GPS satellites such as pseudorange and
pseudorange rate are used to correct INS errors.
Measurements from the GPS receivers are mo-
deled as

p?=| P2 = Pf |+ ct;+nf° (26)

p§'02| Ve — Ve I+Cl"j+ C:@v

; . 27
1=1,2,3,4,7=1,2, . m 27)

where pf? is the pseudorange of the ith satellite

from the jth GPS receiver antenna, P*® is the
position of the 7th satellite decomposed in the
ECEF frame, c is the speed of light, # is the clock
bias of the jth GPS receiver, 7{” is the composite
of errors produced by atmospheric delays, satel-
lite ephemeris mismodeling, receiver tracking
error, etc., P is the pseudorange rate of the sth
satellite from jth GPS receiver antenna, V@ is
the velocity of the 7th satellite in the ECEF frame,
£; is the clock drift of the jth GPS receiver, &9 s
the measurement error. Estimations for measure-
ments are given as

o =| PO — P2+ cf, (28)

o= Ve - V¢ |+ ct, (29)

The estimation errors for measurements are de-
fined as follows :

B =08+ 808° (30
£= 0"+ 504" (31)
sztj+8tj (32)
f:=[,+8t1 (33)
Let
so;=[def" 80 808 601" (34)
80:=L88" 80P 859 ST (39)
=00 7 28 77 (36)
G=[Egm ¢@ ¢ gt (37)
Then, the measurement estimation errors can be
shown as
61’,-"’}
— . — . 38
o0,=H,| Lyt |- (38)
, é Vf}
;= 11; [ R 4} 39
o6,=H) 057 |=& (39)
where
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4. Observability Properties of
GPS/INS Systems

In this section observability properties of GPS/
INS systems are presented for both loosely-cou-
pled and tightly-coupled integrations. Time-
invariant error models as well as time-varying
error models of INS are considered. The ob-
servability properties are investigated by testing
null space of observability matrix. The main focus
of the investigation is on the relation between the
number of GPS receiver antennas and the ob-
servability of attitude error and biases of IMU.

Even though the linearized INS error models
are time-varying systems, time-invariant forms
of the error models are also considered in this
paper for the following reason. As mentioned in
Goshen-Meskin and Bar-Itzhack (1992b), time-
varying INS error models can be made observa-
ble with velocity measurement by maneuvering.
However, there are situations in which maneu-
vering of vehicles to improve observability might
not be easily realizable. In these cases, the error
models can be considered time-invariant. For
example, an error model for vehicles that follow
predetermined smooth paths can be treated as a
time-invariant system; acceleration of vehicles is
constant and their angular velocity is zero.

Before the main part of this section is in-
troduced, the definition of observability of linear
systems used in this paper are presented for the
sake of clarity. Consider the linear system :

D) =AM x (D)
y(t)=Ct)x(t)

where A(¢) and C(f) are X#n and pXn
matrices whose entries are continuous functions
of ¢ defined over (—oo, o)

Definition 1. The dynamic equation 2} is ob-
servable at 1, if there exists a finite £ > f such that
for any state xo at time f, the knowledge of the
output y(#) over the time interval [, #] suffices
to determine the state xo.

Define a sequence of p X n matrices No(f), N (#),
-+, Na—1(#) by the equation

Nt () =No(8) A(2) +7dZ‘Nk(t)~
k=0,1,2, -, n—2
No(t)=C(t)

Suppose A(f) and C(t) in the system 2 are
analytic functions of {. Then, the time-varying
linear system is said to be instantaneously
observable in (—oo, o) if and only if the rank of
the matrix

No(2)
M(t)

Nor ()

is »n for all tin (—oco, o) (Chen, 1984). If the
linear time-varying system is instantaneously
observable, then any state x (#) can be determined
from the knowledge of the measurement over an
arbitrarily small interval of time for all { in
(—co, c0). Suppose A(¢) and C(¢) in the sys-
tem 2. are constant. Then, the time-invariant
linear system is observable if and only if the rank
of the matrix

C
CA
CA?

car

is n. If the linear time-invariant system is
observable, it is observable at every initial time,
and the determination of the initial state can be
achieved in any nonzero time interval (Chen,

1984).

4.1 Loosely-coupled GPS/INS systems
Let

x=[8PT 6VT yT &f £I]° (41)
=L (OPAT (3P5)T - (8P2)T (BVAT (VAT (8VE)T]T (42)
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Cpi=[ELE 0 —RL; 0 0] (43)

Co=[0 I, —R(QsL;—L;Q) —RL; 0] (44)
w=[0 (Rwa)™ (we)” 0 0]7 (45)
vn=—[vh vh - Vi vh vh - via]T (46)

Then, the linearized equations of errors for INS
mechanization and measurement estimation are
Sl x=Ax+w

Ym=Cnx +Un 7

where y is the estimation error for measurements
from the m GPS receiver antennas and

0 bk 0 0 0
G —-Q. —RF 0 R
A=|o0 0 -Q L 0 (48)
0 0 0 0 0
0 0 0 0 0
Cu=[Ch Ckh - Chn CL CL - CL]" (49)
Let
k 0 RL, 0 0
0 L 0 RLi 0
T=| 0 0 L 0 . 0| (50
0 0 0 k 0
~R'G R"Q. F-R'GRL, R'Q.RL-L.Q k
xx=[00 L 0 0]7 (51)
xp=[00 (L—01)7T 00] (52)
Z2=[000 (Lb—4)7T 0] (53)
x71=T25\?71 (54)
xn=Tokn (55)
xgzszfgz (56)

Let /i, ko, and /5 be linearly independent, then we
have the following main results :

Lemma 1. Suppose all the time-varying elements
of A and Cp in the system >, of (47) are an-
alytic functions of time. Then, the time-varying
system 2, is instantaneously observable for
m=3.

Suppose A and Cn, in the system 2 are
constant. Then we have the following lemmas :
Lemma 2. The time-invariant system 2); is
observable for m=>3.

Lemma 3. X, is an unobservable mode of the
time-invariant system 2., for m=2
Lemma 4. The following two conditions

(1) @% is parallel with L—b,

(2) GRhiXbL=RF{L—h)
are the only conditions for the time-invariant
system 2, to have two unobservable modes for
m=2. In this case, xy» and Xxg are the un-
observable modes.
Lemma 5. The time-invariant system 2. has
three unobservable modes, x, for m=1.
Remark 1. The assumption that A and C, in the
system X, are constant implies that w2 =0 and
w%=w%. This assumption also implies that G,
the gradient of gravity with respect to position, is
constant even though the velocity of the vehicle is
not zero. This assumption can be justified if the
velocity is not very fast.
Remark 2. X,, X and Xg are unobservable
modes represented in the transformed state
(=T:'x).
The following theorem obviously follows from
the above lemmas :
Theorem 1. The time-invariant system 2 is
observable if and only if m=>3.

The proofs of the above lemmas are given in
Appendix A through Appendix C.

42 Tightly-coupled GPS/INS systems

It is assumed that the multi-antenna measure-
ment system is implemented by means of a single
multi-antenna receiver such that

h=b==tn=1t
h=fy==fmn=
Let
xo=[x7 ¢t ¢St (57)
vem=_0pf 8pf - S0k 60T 8pF - Sph]T (58)
we=[w?” 0 6{]7 (59)
vem=—1Lnl 73 = 7% & & - &1 (60)
01
Af_[o o] (61)
[Cp 00
C’”_[ 0 1 0} (62)
Cyj 0 0
Cvt;‘_|: 0 0 1:| (63)
Copi=H;Cps; (64)
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C,avj :I_chvtj (65>

where x, w, 75, &, H;, Cps, and C,; are defined in
(41), (45), (36), (37), (40), (43), and (44),
respectively. Then,

2! Xo=ApXpt+ o

Vom= ComXo + (66)
with Vem
(A0
A”_[o Aj (67)

Con=[Capr Capz ** Cipm Cin Cin =+ Chm]" (68)

where A is given in (48). I, in (64) and (65)
consists of line of sight unit vectors from the jth
antenna to the GPS satellites. According to
GPS-1DC 200, orbit radii of GPS satellites are
approximately 26,562 km and their angular ve-
locities are about twice the earth’s rotation rate.
Hence, if the velocity of a vehicle is not very fast,
H; can be considered constant for each j=I, 2,
-, m. Let A, b, and /[ are linearly independent.
Then, we have the following lemma :

Lemma 6. Suppose H; is a constant full rank
matrix for each j=1, 2, , m, and all the time-
varying elements of A, and C,» of the system
21r of (66) are analytic functions of time. Then,
the time-varying system X r is instantaneously
observable for m=3.

Let
Xon = [xol} (69)
o= ] (70)
Xog2= [xgz ] (71)

and /4, b, and / are linearly independent. Then,
the following Remark 3 and Theorem 2 for the
tightly-coupled integration are given without
proof, since the proofs are similar to those of
Lemma 2 through Lemma 5:

Remark 3. Suppose H; is a constant full rank
matrix for each j=1, 2, ---, s, and A, and Con
are constant. Then, the observability conditions
for the time-invariant system 2.r of tightly-cou-
pled integration are the same as for the time-
invariant system 2., of (47) of loosely-coupled

integration with Xy, Xp2, and Xog instead of x,,
Xy, and Xxg, respectively.

Theorem 2. Suppose H; is a constant full rank
matrix for each j=1, 2, ---, m, and A, and Com
are constant. Then, the time-invariant system 27
is observable if and only if m>3.

Remark 4. Let the lever arms /i , b, and 4 be
linearly independent. Then, it can be shown that
the time-varying INS error model is instan-
taneously observable with only position mea-
surements from three GPS antennas for both
loosely-coupled and tightly-coupled systems.
Remark 5. Let the lever arms 4, /2, and 4 be
linearly independent. Then, it can be shown that
the time-invariant INS error model is observable
with only position measurements from three GPS
antennas for both loosely-coupled and tightly
-coupled systems.

5. Simulation Results

A numerical example is given to &emonstrate
the behavior of Kalman filter for the estimation
of attitude of a vehicle and biases of IMU with
multi-antenna GPS measurement system for a
very low grade IMU. Responses of the multi-rate
extended Kalman filter are simulated on a simple
vehicle trajectory.

The specifications of sensor errors in the nu-
merical simulation are adopted from currently
available sensors. GPS attitude determination
systems are usually using four antennas with
measurement frequency of 1 to 10 Hz, which is
much slower than IMU measurement frequency.
Very low-grade IMU error statistics are employed
from the typical micro electro mechanical systems
(MEMS) inertial sensors. In the simulation, esti-
mation of navigation state is updated with the
IMU measurement at 10 Hz. Since the vehicle
dynamics in the simulation is very slow, fast mea-
surement update does not improve the results and
I Hz GPS measurement update rate and 10 Hz
IMU measurement update rate are used. It is
assumed that positions of GPS antennas are
obtained from the double differenced carrier
phase measurements. Integer ambiguity problem
is assumed to be solved so that the GPS position
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measurements have centimeter level accuracy. it moves to the east with constant speed afterward,
Length of each lever arm of GPS antennas is without changing its altitude and attitude. It can
about 1.7 m. All the noises in the GPS receiver be seen that the trajectory and attitude of the

and IMU are assumed to be Gaussian white. vehicle change very slowly. Estimation errors for
Standard deviation of GPS position measure- attitude and biases are given in Fig. 3, Fig. 4, and
ment noise is set to [5.0 5.0 5.0] in cm. Bias and

standard deviation of accelerometer noise are 124

approximately [0.06 —0.03 0.02] and [0.01 0.0l 10

0.01] in m/s®. Bias and standard deviation of 08

Gyro noise are [—0.06 0.1 —0.15] and [0.036
0.036 0.036] in degree/s. Initial estimation errors
for roll, pitch, and yaw in degrees are 0.5, —0.5,

044

02+

Degrees

and 1.0, respectively.

. . . 004
The path and attitude of the vehicle in the
simulation are given in Fig. 1 and Fig. 2. The 021
vehicle is motionless at start. The forward direc- 04+
tion is north. The vehicle moves up until 1000 m, 08
turns to the right 90 degrees, and changes attitude
simultaneously during initial 250 seconds. Then,
008 -
16000 4 o] x v o x
Y
004 —Z
12000 om }‘(
~ b
3 i
0004
& o] E ,
g 0,02+
4000 0044
006 1
0 -0.08 4
0 200 40 600 B0 10w
Time (sec)
Fig. 4 Accelerometer bias extimation error
100+
oIS ensssosesscsoseoseoeoes 010 X —— Rollrate
ol : e Pitch rate
0.05 - : . Yaw rate
Rolt
60 — Pitch :
..... Yaw @ 000 'P\/—- -
Ee bl |
K -0.05 -
24 010
0 / ' o151 %
R 400 600 800 1000 0 200 @ a0 800 1000
Time (sec) Time (sec)

Fig. 2 Vehicle attitude Fig. 5 Gyro bias eximation error
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Fig. 5. Taking the magnitudes of the sensor noises
into consideration, the GPS/INS system seems to
estimate attitude of vehicle and biases of IMU
quite accurately. We can see that the multi-antenna
GPS measurement improves gyro bias estimation
significantly.

The results show that gyro bias estimation
errors converge very quickly. Since the Markov
process model for very low-grade gyros usually
have a time constant that is of the order of 100
seconds (Hayward et al., 1997 ; Gebre-Egziabher
et al., 1998), the constant bias model in the
simulation might be justified.

6. Conclusions

In this paper observability properties INS with
GPS multi-antenna measurement system are pres-
ented. Estimation errors for position, velocity,
attitude, and biases of inertial sensors are con-
sidered in the observability analysis. It is shown
that time-invariant INS error models are ob-
servable with position measurements from at least
three GPS antennas. If the number of GPS
antennas is less than three, then the error models
are no longer observable: There is at least one
unobservable mode with position and velocity
measurements from two GPS antennas. There
exist at least three unobservable modes with posi-
tion and velocity measurements from one GPS
antenna. It is also shown that time-varying INS
error models are instantaneously observable with
position measurements from three antennas.

Numerical simulation results show that low-
cost IMU with carrier phase differential GPS
system that has cmi-level accuracy can be an
accurate and reliable navigation sensor system.
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Appendix

A.1 Proof of Lemma 1 and Lemma 2

Let A(#) and Cn(f) be the time-varying
forms of A and Cy, in (48) and (49), respectively.
If noise terms are neglected, the time-varying
form of the linear error model with measurement

from m GPS antennas is

Sl (B =Atx(t)
. Al
v () =Cn(t)2 (1) (al)
with
0k 0 00 Cm:(i,‘
Git) =9, —RIIF(H 0 R{p) C '(r)
A=l 00 =) b 0 | Calti= cmm (A2)
0 0 000 ”‘:
0 0 00 | Conlt)]
where
Cos(t)=[E 0 —R($)L; 0 0] (A3)
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Cw(t =[0 | =Rt ){ slt1Li=L;Q (1)} —RU)L; 0],

Lo (A4)
Define
Napo ()
Nup(t)y=| Nl (AS)
[ Nupnon (£)
[ Nuoool)
Nagut)y=| oot (A6)
L N,,,pw;_l) (t)
with
[ Cn(2)
Nupo(t) = : (A7)
| Com ()
[ Nmpo(t)
Naswolt) =| €21 (A8)
[ Coml®)
Nos£) = Noos (1) A () +- Ny () (A9)

Nmij(t)szPU(j—l)(t)A(t)+%Nmpv(j—l)(t); (
j:l' 2’ el

A10)
n—1

where # is the dimension of the state of the system
231:. Note that

L0 —-R(HL, 00
Napo(£)=| L0 —R(t)L.00
Lo —-R(t)[300

(A1)

0 RINLOW —%m;m(m “RIHIL 0
Nonit1 =10 b RUf Lt - j el ~RUIL 0| (A12)
05 R[I‘)LsQ[t}—%<Mm(&3;(f)J -R(OL: 0

G 1\3pm,3;(l" Napm,z)(f\_R(f"O ﬂLl

szz“:): Gl - eNapz(z,s)(” Nspl(e,ay‘f -RiH QL R (AIS)
G[ﬂ _QeNspz(a,ay\'f) l\rapx(m)(\f/_m”Qb\f)La ")
Napaia (1) ==~ R(#) F(t) — Napriss (1) Q ()
(A14)

+%<N3P1(i.3)(t) )

where Napr(in(#) is the (7, j) element of the ma-
trix Napx (£). Suppose x.(t) (=[SPI(t) SVIF(¢)
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yalt) ek(#) esu(t)]7) is in the null space of
Nnp () m=3 for any E[0, o). Then,

Nap; (1) x4 (8) =0, j=0, 1, =, n—1

Since R(¢#) is nonsingular for all t€[0, o) and
L, b, and k4 are linearly independent, Nipo(#) x4
(t) =0 implies that 8Py (¢) =y4(t) =0. Napi(#)
xu(t) =0 with SP,(¢) =y4(t)=0 implies that
S V.(t) =&g(¢) =0 for the same reason. Finally,
Napz (t) 24 (1) =0 with 8P, (8) =6 Vu(t) =ru(t)=
&g (1) =0 implies that &4, (#) =0 because R (#) is
nonsingular. Thus x,(#) =0. Hence, the rank of
Nap(t) is n for all &[0, c©) and m=3. Since
the rank of Nmp,(f) is greater than or equal to
that of Nap(#), the rank of N (#) is #, which
is its maximum value. This completes the proof of
Lemma 1. The proof of Lemma 2 is omitted
because it is similar to that of Lemma | with the
time-invariance assumption on A (¢#) and Cr(#).

A.2 Proof of Lemma 3 and Lemma 4

As mentioned in the Remark 1, the assumption
that A and C, are constant implies that Q,=0
and Q = Q4. Consider the time-invariant system

Do #=A% (A15)
y=Cux
with
x=Tx (A16)
A=T'AT (A17)
C:=CT: (A18)

where x, T3, A, and C; are defined in (41), (50},
(48), and (49), respectively. Note that

0 L 0 0 0
0 0 0 0 R

A=|0 0 0 §L 0 (A19)
0 0 0-—-Q 0
0 RTG O asy —RTQ.R

where
asn=RT(GRL:+ Q.RL,Q) —L,Q*—F (A20)
Let

Cs=CoA*% k=1,2, -, n—1
where 7 is the size of x. Decompose C# such that

CE=[(C%), (C’)2 (ChHs (CH4 (CF)s] (A22)

(A21)
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Then, we have the relation
Lo 0 0 0
~_ |0 —R(L.—L) o .
Ci= (A 0 0 0 (A23)
0L 0 —R{L,—Ly) 0
0LO 0 0
~_| 050 —R(L.—Ly) 0
Cz 000 0 R (A24)
000 R(L,-L)Q R
000 0 R
~_|000R(L~-L)Q R
Cs 0G0 . —Q.R (A25)
0 G 0 C44 _QeR
(C%)s=0 (A26)
(C?)F-(CQ"ILQ
+(CFYS[RT(GRL+ QRLIQ) -L1Q*F). (A27)
k=3, . n_l
where
cu=GRL,—RF—RL,Q%*+ Q.RL,Q (A28)

C44=GRL1_RF—RL292+ Q eRLl Q

Let f2u(=[6p—2ru 61721-11 7721-21 ézrgu ézrau] T) be an
unobservable state of the system 2..2.
Then,

Ct%2u=0, k=0, 1, -+, n—1 (A29)

C3%2,=0 implies that §Pz=0V32,=0, ¥:a=c,
(L—14). and &gu=cg(l—1) where ¢, and ¢,
are constant numbers. Cixz,=0 implies that
&2a2=0. It also implies that &g =0 if w}% is not
parallel with b— A, Cixz2a=0, j=1, 2, -, n—1
with 8 P2a=08 Vau=_E224=0 implies that &p=cCg
(L—1) if both wh=cw(k—4h) and GRLX b=
RF{(L—1) where ¢, is a constant number. Oth-
erwise, &2,=0. Since (C%)s=0, k=1, 2, ---,
n—1, the system S always has one unob-
servable mode x,.. Hence, the system can have at
most one additional unobservable mode x g2 This
completes the proofs of Lemma 3 and Lemma 4.

A.3 Proof of Lemma 5

The proof of Lemma § is quite similar to that
of Lemmas 3 and 4. Consider the time-invariant
linear system
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S k=A%
y=Cii (A30)

with
C=CT (A31)

where A is defined in (A17). Define CF and

(C¥; j=1, 2, -, 5 in the same way as in the
Appendix A.2 Then,
—~ L0000
0__
C‘_[o L00 o} (A32)
~_[05000
ci [o 000 R} (A33)
~_[0000 R
G [0 G 0 cu —QeR] (A34)
(CH)s=0 (A35)
(Ch=—{C, 0+ fﬂs[RWGRLﬁQ:RL;Q)—LtQZ—F].(A36)
k=3, <, m—1

where a4 is defined in (A28). It is obvious that
[0 0 L 0 0]7 is in the null space of the matrix

[(CHT (CHT - (CTHT]T (A37)

This completes the proof of Lemma 5.

A.4 Proof of Lemma 6
Let

CH, -
H,

Hyp

H (A38)

Hpmz

Hm_

Connl1)=[Chult) Chalt) - Chalt) Chult) Clalt) - CinlB)]” (A39)

where H,n is a block diagonal matrix. H;, =1, 2,
-, m is defined in (40). Cps; (¢) and Cuy (8), j=
1, 2, ---, m, are time-varying forms of Cpsy and
Cuy in (62) and (63), respectively. Let An(¢)
and Con(#) be the time-varying forms of A, and
Com in (67) and (68), respectively. If noise terms
are neglected, the time-varying form of the system

Drin (66) is
27 - %o(t)
YPm(t) Com(t

Then, we have

Com(8) =HemCpom ()

Since H; is a constant nonsingular matrix for each
]'=1’ 2, e
Hence, the procedure of instantaneous observa-
bility test based upon the null space test for the
matrix pair (A,(t), Com(t)) is the same as that
for the matrix fair (A,(#), Cpoem(£)). The test
procedure for the latter matrix pair is almost the
same as in Appendix A.l and is omitted here.

=An(t) x,(8)

B 1o (1) (A40)

(A41)

Hym, is a constant nonsingular matrix.





